At low temperatures, the critical magnetic field is found to increase with decreasing temperature T . This enhancement of the critical magnetic field provides evidence of the Jaccarino-Peter effect, which was experimentally observed in the Kondo systems like LaCe, (La 1−x Ce x )Al 2 and also in the pseudoternary compounds, including Sn 1−x Eu x Mo 6 S 8 , Pb 1−x Eu x Mo 6 S 8 and La 1.2−x Eu x Mo 6 S 8 .
I. INTRODUCTION
This discovery was surprising, since magnetism and superconductivity had been believed to be mutually exclusive, because the internal magnetic fields generated in magnetically ordered systems are much larger than the typical critical fields of superconductors. However, as independently predicted by Fulde Paradoxically, under specific circumstances, the external magnetic field can even enhance (instead of depress) the properties of superconductors, e.g. the upper critical field H c2 of SmRh 4 B 4 increases below the Néel temperature T N = 0.87 K 8, 9 . The latter can be understood on the grounds of the Jaccarino-Peter effect 25 , in which the external magnetic field compensates the antiferromagnetic exchange interaction generated by the conduction electrons antiferromagnetically coupled to the spins of localized magnetic moments.
The Jaccarino-peter compensation effect has been observed in several systems, e.g. in Eu 0.75 Sn 0.25 Mo 6 S 7.2 Se 0. 8 26 .
In this study, we shall not investigate the FFLO state, since we assume a spatially uniform superconducting order parameter. In such the case, only the Jaccarino-Peter effect can be considered as the possible source of the superconductivity enhancement. Before going into details, let us briefly summarize theoretical investigations of the superconductors containing magnetic impurities.
Early theoretical investigations of the problem of magnetic superconducting alloys were founded on perturbation theory. Nakamura 27 and Suhl et al. 28 explained this effect by treating the s-d interaction V s−d 29 as an additive term in the total Hamiltonian, which perturbs a BCS superconductor 30 . Balseiro et al. 31 studied a BCS superconductor perburbed by magnetic impurities interacting via a nearest neighbour Heisenberg potential. The resulting phase diagrams comply qualitatively with experiment.
The well-known Abrikosov-Gor'kov theory 32 (AG) of dirty superconductors explains the strong decrease in T c due to magnetic impurities and also predicts gapless superconductivity, These yet unresolved issues, as well as some shortcomings of the models presented above, motivate the present work. We investigate the thermodynamics of the Hamiltonian
where
and
with ξ k = ε k − µ, n kσ = a † kσ a kσ , is the free fermion kinetic energy operator and
is the Cooper pairing potential, whereas
represents the reduced s-d interaction. |Λ| denotes the system's volume and G k k ′ is real, symmetric, invariant under k → −k or k ′ → −k ′ and nonvanishing only in a thin band close to the Fermi surface, viz.,
where χ(k) denotes the characteristic function of the set
In equation (5), S zα denotes the spin operator of the α−th magnetic ion, whereas
is the spin operator of a conducting fermion. M is the number of magnetic impurities, N the number of host atoms.
We assume the perturbation implemented by the localized distinguishable magnetic impurities to be a reduced long-range s-d interaction, which involves only the z-components of the impurity and fermion spin operators (Eq. (5)). The reason for this simplification is that the thermodynamics of the resulting Hamiltonian
mean-field solution, the accuracy of which improves with decreasing impurity density. Furthermore, this solution is thermodynamically equivalent to the one obtained for H with a Heisenberg type reduced s-d interaction In section V the effect of an external magnetic field on superconducting alloys is studied.
The resulting expression for the superconducting transition temperature T c (H) is exploited in section VI in order to explain the compensation effect.
The theory presented improves earlier developments in this field. Apart from an explanation of the reentrant behavior of superconducting alloys 1 , it provides an explanation of the Jaccarino-Peter effect and good quantitative agreement with the experimentally measured critical magnetic field of several superconducting alloys LaCe, ThGd and SmRh 4 B 4 .
II. UPPER BOUND TO THE FREE ENERGY IN TERMS OF THE BOGOLYUBOV

METHOD
The full Hamiltonian of the system
can be expressed in the following form in terms of mean-field parameters ν, η:
The Bogolyubov inequality
with
The parameters ν and η will be now choosen so that they minimize the free energy
The explicit form of these equations is
Using equations (12), (15) and (16) one obtains
The inequality Tr(ρA 2 ) ≥ (Tr(ρA)) 2 , valid for any bounded self-adjoint operator A and density matrix ρ, shows that H (R)
Hence, from equations (14), (17) one obtains the relevant upper bound to the free energy
According to Eq. (18) we ascertain that the thermodynamics of the original system, characterized by H (M ) , is almost equivalent to that of h (M ) , provided η and ν are the minimizing solutions of the equations (15), (16) . The consequences of disregarding a term H
are discussed in section IV.
The two equations (15) and (16) can be reduced to a single one for ν. The only requirement is g > 0. The general form of Eqs. (15) , (16) is
Let g > 0, then f 2 > 0. Furthermore,
which yields the equation for ν:
where according to Eqs. (19) , (20):
III. MEAN-FIELD THEORY OFh
The form of the Hamiltonianh, given by Eq. (10) is analogous to
describing a system of electrons with attractive BCS interaction in the presence of an ex- The free energy is given by the following equation
imp is the free energy of impurity subsystem, given by Eqs. (33) and (35), E = ∆ 2 + ξ 2 , ρ F denoting the density of states at Fermi level,
whereas E 0 (∆ = 0) denotes the ground state energy of free fermions. Two last terms in Eq. (26) are the contribution to the free energy density from one-fermion states, lying outside
P.
The system's state is characterized, according to equation (26) , by the minimizing solution, {∆ m , ν m }, of the following set of equations for the gap ∆ and a parameter ν, describing the impurity subsystem
The properties of a superconductor with magnetic impurities can be determined by solving this set of equations, which is supplemented by the following condition for the chemical
where n kσ = a † kσ a kσ is the fermion number operator and n denotes the average number of fermions in the system. It has been shown in Ref. 1 , that this condition, takes the form:
Equation (31) resembles the BCS equation for µ and the properties of f 3 are similar to those of f BCS = tanh(βE k /2), e.g. both functions are odd in ξ k . The solution of equation (31) is therefore exactly the same as in BCS theory, viz., µ = ε F . Thus, we assume that in the low-temperature scale the following relations hold:
Equations (27) and (28) clearly possess the solution ∆ = ν = 0 for all values of β ≥ 0.
At sufficiently large values of β one finds also other solutions, viz., {∆ = 0, ν = 0}, {∆ = 0, ν = 0}, {∆ = 0, ν = 0}. Accordingly, we distinguish the following phases: (10) and (11)).
− intermediate phase D in which superconductivity coexists with ferromagnetism and
We define the following temperatures corresponding to the respective phase transitions − T c , 2nd order transition SC → P .
− T P F , Curie temperature of 2nd order transition F → P .
The set of Eqs. (27), (28) strongly depend on the value of the impurity spin S. In the present work we study the effect on superconductivity of the following magnetic ions: Ce (S = 1/2), Gd and Sm (S = 7/2).
For S = 1/2 one obtains
ln Tr exp −βh
Accordingly, for spin 7/2 impurities
The complexity of the free energy F (S) and functions f 1 , f 2 , f 3 increases with the impurity spin value. It follows, that the impurity spin is the key factor affecting the thermodynamics of superconducting magnetic alloys. This conclusion is complementary with the fundamental experimental observation made by Matthias et al. 5 .
IV. THE CRITICAL MAGNETIC FIELD
The critical magnetic field H cΦ forcing a system to undergo the phase transition from the Φ phase to paramagnetic (normal) phase P is given by the equation
where µ 0 denotes the vacuum permeability, F P and F Φ denote the free energy of the P and Φ phase respectively.
The free energy of the normal state can be obtained from equation (26) with ∆ = 0 and ν = 0, which yields − for spin 1/2 impurities
− for spin 7/2 impurities
The critical magnetic field required to suppress superconductiviy (phase transition SC → P )
is given by the equation (37) with F SC replacing F Φ . It will be denoted as usual by H c . The expression for F SC results from equation (26) with {∆ = 0, ν = 0}:
The credibility of the above theoretical expressions will be now verified on the expertimental data of LaCe, ThGd and SmRh 4 B 4 . The parameters g, G 0 ρ F , δ, M were adjusted to provide the best possible fit of the theoretical critical magnetic curves to the experimental data. In order to perform a fit, the set of equations (27), (28) This enhancement of superconductivity also increases with impurity spin and impurity concentration, since at extremely low temperatures, the following formula
is valid. Fischer et al. 47 has pointed out that the superconductivity enhancement, represented by an increase of the critical magnetic field is a result of the Jaccarino-Peter effect 25 . This phenomenon may occur in the II-type superconductor, in which the magnetic moments of the impurities are antiferromagnetically coupled to that of the conduction fermions. This interaction generates an exchange field H J , which acts on the spins of conduction electrons equivalently to an applied magnetic field, viz., breaks the Copper pairs. However, the negative sign of the coupling between the magnetic moments and the conduction fermions spins, determines the direction of H J to be opposite to that of H. Thus, an applied magnetic field will be compensated by an exchange field, since the net magnetic field H T is given by H − |H J |. A given compound displays superconducting properties as long as the following relation holds
χ P and χ SC denotes the magnetic susceptibility of the normal and superconducting state. during the investigation of the upper critical magnetic field. In particular, at low temperature scale, three subsequent phase transitions has been observed with increasing value of an external magnetic field, i.e. SC → P → SC → P .
In conclusion, it is worth to point out, that the magnetic impurities were proven to limit the superconductivity, but on the other hand, under some specific conditions, they help the superconducting system to overcome the destructive effect of an external magnetic field. Furthermore, the interplay between superconductivity and magnetism is believed to be a possible mechanism of high-T c superconductivity 50 , since the undoped state of cuprate superconductors is a strongly insulating antiferromagnet. The existence of such a parent correlated insulator is viewed to be an essential feature of high temperature superconductivity.
In the above discussion we dealt only with the critical magnetic field. To fully judge, if the Jaccarino-Peter compensation may occur in the superconducting alloys, one should study the effect of external magnetic field H on such system. This will be done in the next two section, in which we first study the effect of H on the superconducting alloys and then apply the resulting formulas to investigate the dependence of the superconducting critical temperature T c on H.
V. THE EFFECT OF AN EXTERNAL MAGNETIC FIELD ON THE SUPER-CONDUCTING ALLOYS
In the presence of an external magnetic field H, the system's Hamiltonian (Eq. (7)) should be supplemented by the additional terms, describing the interaction with a magnetic field. 53 :
This yields
where g ′ is the modified Landé factor 54 , µ B denotes the Bohr magneton,H = g 0 H is the effective magnetic field at each impurity site. Table I . The points are experimental data from Ref. 37 . H c2 is related to the thermodynamic critical magnetic field H c by the expression, H c2 = κ √ 2H c . The Ginzburg-Landau parameter κ has been treated as the additional adjustable parameter used to fit experimental data and assumed to be independent in T . The value of κ providing best fit is κ = 1.51.
The additional electron σ z and impurity spin S z operators in Eq. (46) Table I . Table I .
, which has the following form:
Accordingly, the electrons and impurities are described by the Hamiltoniansh and h imp respectively,h Table I . Table II .
The form of equations (47) and (49) is very similar to Eqs. (10) and (11) . It follows that, in order to include the effect of an external magnetic field on the free energy of a BCS superconductor containing magnetic impurities it suffices to perform the following substitutions in Eq. (26): (27), (28) and (37) . (27), (28) and (37) .
Accordingly, the set of equations for the parameters ∆ (Eq. (27) ) and ν (Eq. (28)) in the presence of the external magnetic field take the form:
Functions f
2 (ζ) are given by equations (34), (36), with ζ replacing ν. The free energy of the BCS superconductor perturbed by magnetic impurities and in the presence of an external magnetic field H then reads
imp (H) are given by Eqs. (33) and (35) after substitution ζ → ν.
VI. CRITICAL TEMPERATURE
The phase diagrams of a BCS superconductor perturbed by magnetic impurities depicted by us in Ref. 1 show that, the phase transition from the normal (Non SC) to a supercondcting state can be of the first or second order, depending on the value of the magnetic coupling constant g. The next two subsections are concerned with computation of the transition temperature T c (H) for first and second order phase transitions.
A. Second order phase transitions
According to section III, Eq. (27) for the solution {∆ = 0, ν = 0} reduces to the BCS gap equation
The transition temperature T 
It should be possible to estimate the change in T Expression for transition temperature T c of a superconducting alloy in the presence of an external magnetic field for 2nd order phase transition can be computed analogously as in BCS theory. To this end, it suffices to put ∆ = 0 in Eqs. (52) and (53). Thus, one obtains the following set of equations for T c = 1/(kβ c ):
Numerical analysis shows that in the low-temperature scale ν c (T ) is almost independent in T , viz. ν c (T ) ≈ ν(0) = cg/M. Accordingly, the set of equations (59), (60) Table III. higher concentrations, but superconductor overcomes larger values of an external magnetic field. Furthermore, T c (H) initially increases with H.
The form of denominator on the right hand side of Eq. (59) suggests that, the perturbative effect of magnetic impurities can be compensated by an external magnetic field. It follows from the fact that f
2 (ζ c ) is odd function in ζ c and from a definition of ζ c parameter, which approaches negative values for sufficiently large H. Thus, the magnetic field intensity, required for the full compensation of the perturbative effect of magnetic imurities on a BCS supercondutor has the form:
This supposition has been verified for g = 0.95 √ eV and various impurity concentrations.
The values of remaining parameters correspond to (La 1−x Ce x )Al 2 alloy (Table III) . The results, which are depicted in Fig. 9 , confirm the hypothesis of the Jaccarino-Peter compensation effect in the considered theoretical model. According to Fig. 9 , the values of T c1 (H)
increases with H and after reaching a maximum at H = H k , decreases and finally falls to zero.
The value of an exchange field H J is expected to increase with increasing impurity concentration, since the number of the magnetic moments of impurities, which are antiferromagnetically coupled to conduction fermions also increases. As a result the value of an external magnetic field H required to compensat the perturbative effect of H J increases with c.
The T c (H) graph depicted in Fig. 9a resembles the dependence of superconducting tran- T c3 ) for certain values of g and c. These solutions can be determined numerically from the following equations:
T c2 :
The existence of T c3 depends on the type of phase transition occuring at T c2 . If the system undergoes a phase transition to ferromagnetic phase at T c2 , then The numerical analysis of T c (H) showed that the perturbative effect of magnetic impurities can be compensated by an external magnetic field, providing the evidence of the Jaccarino-Peter effect, which has been experimentally observed in a number of superconducting magnetic alloys, e. 
